27. Let p be a prime number. If p divides

the product ab, then p divides either
aorhb.
Proof. If p does not divide a, then
GCD(a,p)=1. (Explain why.)
Therefore, 1=sa-+pt
for some integers S and p.
(See Exercise 26.) Thus
b = b(sa+pt)
= (ab)s+bpt
= (kp)s+bpt
= p(ks+bt).
This implies that p divides b.

28. Let p be a prime number. Then \/E
is an irrational number. ®
Proof. We assume that \/5 isa
rational number, that is

[zﬂ

q
with n#0, g#0, n and  integres, with

the fraction written in reduced form.
(See the front of the book on rational

numbers.) Therefore,

p= i

= —2 .

Thus q
n?=pg?.

As n? is a multiple of p, which is a prime

number, then N must be a multiple of p.
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1. Prime number Jsl sae
2. Divides oS o ole

3. Product & o Jol>

4. Irrational L5 S5

5. Rational number LS sae
6. Fraction ,.5

7. Multiple o ya0

8. Positive integer <oie .
9. Contradict _asLs

(See Exercise 27.) Therefore we can
write n=pk for some positive integer k.

This implies

pke=pg?
or

pk*=q?.

As 0?is amultiple of p, which is a prime
number, then g must be a multiple of
p. (See Exercise 27.) Therefore we can

write q=pm for some positive integer

m. Therefore
n_pk _k.
q pm m

This contradicts the fact that the
fraction n/q is already in reduced form,
and proves that \/3 iS an irrational

number.



